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Abstract 

^ ■ Let F be a nitration and r be a random time. Let G be the progressive 

enlargement of F with r. We study the validity of the following formula, 
called optional splitting formula : For any G-optional process Y, there 
exist a F-optional process Y' and a function Y" defined on [0, oo] x (M + x 
f2) being B[0, oo] ® 0(F) measurable, such that 



Y = Y'^ t) +Y"{t)\, 



oo) 



We are interested in this formula, because it has been taken for granted in 
number of recent works in credit risk modeling, whilst such a formula can 
not be true in general. Sufficient conditions will be given for the validity 
of the above formula as well as of its extension in the case of multiple 
random times. 
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1 Intoduction 



In credit risk modeling with progressive enlargement of filtration, one may be concer- 
ned with measurability problems. For example, given a filtration F = (J-t)t>o on some 
space £1 and a random time r > which is not a F stopping time, one may attempt 
to apply the monotone class theorem to prove results on n s >j(<7(r As) V J s ) (for a 
t > 0), and therefore, hope to have the following equality 

n s>t (<T(T A s) V T s ) = g(t A t) V Tf 

While it can not be valid in general as explained in |31| , such an equality takes place 
in some models [H [10], [32] (See also Subsection 13.21 below) . 



To give another example, we recall the formula in \24\ Lemme(4.4)] : Let G denotes 
the filtration of n s>t (a(T A s) V T s ),t > 0. Let V(G), 0(G), V(¥) and 0(F) be the 
usual notations denoting the predictable or optional cr-algebras with respect to dif- 
ferent nitrations. Then, for any G-predictable process Y, there exist a F-predictable 
process Y' and a function Y" defined on [0, oo] x (M+ x Cl) being B[0, oo] (g) V(¥) 
measurable, such that 



This formula has been very useful in |24] , In recent works on credit risk modeling, an 
optional version of the above formula slips into computations : For any G-optional 
process Y, there exist a F-optional process Y' and a function Y" defined on [0, oo] x 
(R + x Q) being B[0, oo] ® 0(F) measurable, such that 



Taken for granted, this optional version formula has been used in number of papers. 
One might believe that the optional version formula ([2]) can be proved by the mo- 
notone class theorem in the same way as formula ([I]) has been proved, or that ([2]) 
follows from ([1]) in taking the right limit in ([T|). Unfortunately, this idea, as well as 
the optional version formula, can not be valid in general as pointed out by PQ. See 
also |12[ [T3] for complementary analysis. 

Number of works on credit risk modeling are concerned by the above mentioned 
measurability problems directly or indirectly (see, for example, [H [5] [15l [25l [271 
[26l[32]). These measurability problems lie in the differentiation between the nitrations 
G and (cr(r A t) V J r t)t>o ( or ( cr ( r l{r<t} + °l{t<r}) V Ft)t>o)- They are linked to the 
interchangeability problem between intersection and supremum of u-algebras. See 
[H |16l [T7J [181 ED E3] to have some idea on this subtle interchangeability problem. 
Other related topics are, for example, the equality between G T - an d Q T (|24[ I21|). or 
the notion of multiplicity of <7-algebras ([31 E] [11] [30]). In this paper we study the 
consequences of the optional version formula ([2]) and we find sufficient conditions for 
it to be valid. We study also its extension in the case of multiple random times. 



2 Set up 

In this paper we work on a probability space (CI, A, Q) equipped with a filtration 
F = (J-t)t>o °f sub-u-algebras in A. We assume that F is right continuous and J-$ 
contains M^ 00 , where, for a <7-algebra T contained in A, denotes the cr-algebra 
generated by {A C Vl : 3B € T, A C B, Q[B] = 0}. 

Let r be a random time (i.e. a random variable taking values in R+) on (Q,A). 
We introduce G = (Qt)t>o the progressive enlargement of the filtration F with the 
random time r, defined by 



Y = Y / H [0ir] +y"(T)l(T,oc) 



(1) 



y = y / ii [0iT) + y /, (r)ii [TiOo) 



(2) 



g t = M a(r)W^ y (n s>t (j; V g{t A s))), t > 0. 



(Using the result in |31| . we check that 



^(rJVJ-cc v (n s>t (JT s V a{r A s))) = n s>t (Af^ T ^ V (T s V o(r A s))) 



so that G is a right continuous filtration.) We denote by 0(F) (resp. 0(G)) the 
F-optional (resp. G-optional) <7-algebra. We define in a similar way the predictable 
a-algebra V(¥) and V{G). 



Other notational conventions 



si a < b 
si a > b 

Let T be a G stopping time. Let A E Qt- We denote by Ta = T\a + ooIU (called 
the restrction of T on i). Ta is again a G stopping time (cf. [19J). 

For a random time R, the graph [R] is defined as [R] = {(t,uj) : t € M + ,t = R(oj)}. 
Note that, if R = oo, [R] = 0. 

If a random variable £ is measurable with respect to a er-algebra 7~, we will write 
£ € T and say that "£ is in T". 

For any random time i? on f2, we denote (cf. |24j ) 

•^R := CJ {^fil{_R<oo} : a F-optional process} 

•7-^+ := <t{Xr1s r<00 \ : X a F-progressively measurable process} 

For an Q-integrable random variable £ € A, we denote by ^"S -6 the (Q, G)-martingale 
Q[£|^t],i > 0. If the probability Q is clearly determined, we denote it by £| . If we 
replace the filtration G by F, we define similarly or £| F . 

In this paper, an (in)equation between two measurable functions (resp. two random 
processes) is to be understood as an almost sure relation (resp. an indistinguishable 
relation). 

Let D be a subset of $7 and 7~ be a c-algebra on Q. We denote by D D T the family 
of all subsets DdA with A running through T . If D itself is an element in T, D<T\T 
coincides with {^4 € T ■ A C D}. We will use the symbol " + " to present the union 
of two disjoint subsets. For two disjoint sets D\,D2 in Q, for two families 71,72 of 
sets in 0, we denote by D\ fl 71 + D2 H 72 the family of sets -Di D JBi + -D2 H 7?2 where 
Si G 71, S 72- For two sets 7) and D', we have 

DnTcD'nDnr+D' c nDnr 

If D' € T, we have 

DnT = D'r\DnT + D' c n D n 7" 

Lemma 2.1 Let T and T' be two a-algebras. Let D be a set. Let (^4j)j>i be a 
sequence of sets. Suppose that D n A j n 7~ C D n Ai n 7"' /or all i > 1. If Ai € T' /or 
a// i > 1, we have also 

D n (Ui>iAi) nfcDn (u^A;) n r' 

Proof. For any C € 7", for any i > 1, there exists C, € T' such that D fl A, fl C = 
DnijflC,. Let 

B X = A X , B k = A k \{U k i llA i ) 
Then, B fc G T and 7) n C n B k = D n C fc n Therefore, 

Dn(Ui>iAi)nc = (Ui>ii4i) n d n (Ui>iBi) n c 



For two elements a, 6 in [0, 00] we denote 

a 



a\b 



OO 



This proves the result. I 



3 G- Optional splitting formula at a random time r with 
respect to F 

3.1 Definition 

Notation. Let £ be a space. Let Y(6,t,uj) be a map defined on (9,t,uj) G E x 
(R + x Q). For 6 G E, we will denote by Y(0) (resp. by Y t (0) for t G R+) the map 
(s,uj) — > Y(0,s,u) (resp. u — > Y(6,t,uj)). For a map T defined on $7 into E, Y(Y) 
denotes the map (s,w) -4 Y(T(u), s,u). 

Definition 3.1 We say that the G-optional splitting formula holds at r with respect 
to F, if, for any G-optional process Y , there exists a process Y' G 0(F) and a function 
Y" defined on [0, oo] x (R + x Q) being B[0, oo] ® 0(¥) -measurable, such that 

Y = Y'l [0 ^+Y"(r)l {T ^ ) 
We will denote pl°^Y = Y' and pl^Y = Y" . 

Remark 3.2 The term "splitting" is of two folds. It invokes obviously that the 
formula is splitted at the random time r. But, more importantly, it invokes also 
that the measurability of Y"(t) is "splitted" into two components <t(t) and O(F) 
(Y" G S[0,oo] (g)O(F)). Theorem E3] and EH below compared to (Ml EI] show that 
these splitting properties constitute a really strong condition. 

3.2 Some consequences 

Lemma 3.3 Let F G £>[0,oo] ® O(F). Then, the map oj G £1 — > F t ^(t(oj),u) is in 

J T 

Proof By the monotone class theorem, we need only to check the stated measu- 
rability for F in the particular form Ft(s,u>) = h(s)ft(co) where h G £>[0,oo] and 
/ G 0(F). But, then, the assertion is an evidence. I 

Theorem 3.4 Assuming the optional splitting formula. We have necessarily Q T = 
JF T . In particular, T T + = T T . 

Proof We know that Q T is generated by X T (cf. |19[ Corollary 3.23]), where X 
runs throught the family 0(G). By the assumption of the lemma, there exists a 
F G B[0, oo] ® 0(F), such that 

X T ( u )(u) = F t{lu) (t(uj),uj) 

According to the Lemma 13.31 then, X T G JF T . This proves that Q T C JF T . We have in 
fact an equality, because the inverse inclusion is an evidence. 

As for the second assertion of the theorem, it is the consequnence of the relations 
JF T C F T+ CG T = T T . I 

Corollary 3.5 The optional splitting formula can not hold in general. 



Proof This is because, according to Proposition (5.6)], JF T ^ J> + for some F 
and r. I 

Theorem 3.6 // the optional splitting formula holds, for any t > 0, for any A G Qt, 
there exists B G cr(r \ t) V Tt such that 1U = lg. This means, in particular, that 
j\fcr{T)v Too y a ^ T | ^ v Jr tt t > 0, form a right continuous filtration. 

Proof Let < t < oo and Y G 0(6). We write the optional splitting formula 

y = y'i {0jT) + y"(t)i [t>oo) 

where Y' = p[°> T )y and Y" = p[ r '°°)y. Since Y( G T u Yl'{r) G a(r) V F t , we have 

Y t = y/^+y/^r)^} 

G {t <T}n7 i |{r<t}n((j(T) VJ t ) 

= {i < r} n (<r(r f t) V Ji) + {r < t} n (<t(t f t) V Ji) 

= cj(t f t) V T t (Lemma EH) 

This being true for any Y G 0(G) and t > 0, we conclude that v<j(r) V ct(t f 
i) V J(, f > 0, form a right continuous filtration. The theorem is proved. I 

Remark 3.7 As a matter of fact, we can not replace in the above lemma r { t by 
r At. In general, 

{t < t} n (<r(r At) V F t ) + {r < t} n (<r(r A t) V Ji) 7^ cr(r A t) V T t 

because {r < i} (or more precisely {r = t}) is not necessarily in cr(r A i) V Jf. It is 
a tricky trap. See |12| Chapitre IV, paragraph 104] which comments on (The 
problem no longer arises if {r = t} is negligible and if F is complete.) See also \28\ 
Chapter VI. 3]. 

3.3 Predictable processes 

Lemma 3.8 The G -predictable processes satisfy the optional splitting formula. 

Proof The G-predictable processes are generated (in the sense of monotone class) 
by the processes of the form 

g{r A a)l A ^ a ,b] + 

where g is a bounded Borel function, < a < b are real numbers, A G T a and 
B G Go- We check directly that the process g(r A o^I^Hum satisfies the optional 
splitting formula. As for lellm], ^y \24\ Lemme(4.4)], there exist B',B" G J-q such 
that 

i.e., lsl{o] also satisfies the optional splitting formula. By monotone class theorem, 
we prove the lemma. I 



4 Local optional splitting formula 



4.1 Definition and basic properties 

Definition 4.1 Let A be a G-optional set. We say that the local G-optional splitting 
formula holds on A (at r with respect to ¥), if, for any G-optional process Y, there 
exists aY f £ 0(F) and a function Y" defined on [0, oo] x (R + x f2) being B[0, oo] (g> 
0(F) measurable, such that 

Y1 A = (Y% 0yT) +Y"( T )l [Tt00) )l A 
We will denote p^Y = Y' and pj£°°V = Y" . 

If the above formula holds for a specific process X, we will say that X satisfies the 
local optional splitting formula on A. 

Obviously, this definition coincides with Definition 13.11 when A = M + . We have 
immediately the following properties. 

Lemma 4.2 Let A be a G-optional set. Let Sa be the family of all G-optional pro- 
cesses which satisfy the local optional splitting formula on A. Then, Sa is a linear 
space, closed by simple limit, by inf , max, by product operations. 

Lemma 4.3 Let A, B be two G-optional sets. If the local optional splitting formula 
holds on A and B C A. Then, the local optional splitting formula holds on B. 

4.2 Local optional splitting formula on predictable sets 

Lemma 4.4 Let A be a G-predictable set. Then, the local optional splitting formula 
holds on A if and only if, for any G-optional process Y , YTLa satisfies the optional 
splitting formula on the whole time space R + . 

Proof Let Y be a G-optional process. Suppose that YTLa satisfies the optional split- 
ting formula on the whole time space M + . Let respectively Y' = P^°' t \Y1La) an d 
Y" = p[ r '°°)(yi A ). We have 

YU = Y'\^ t) +Y"{t)1 {t ^ ) 

Since 1U = 1^, we have also 

Y1 A = YA = (Y%,r) + Y"{t)\ jO0) )\a 
i.e. the local optional splitting formula on A. 

Conversely, suppose that the local optional splitting formula on A holds. Let respec- 
tively C = p [ A T) Y and C" = p [ ^ ,oo) Y. We write then 

Y\ a = {C'\^ t) + C"(t)\ t ^ ) )\a 

Note that A is G-predictable. According to Lemma [3. 81 Ha satisfies the global optional 
splitting formula. Let B' = p^ T H A and B" = p^ T ^\ A . We have then 

Y1 A = (C7 / l {0)T) + C7' / (r)]l lT)Oo) )lU 

= C'B'\^ t) + C"{t)B"{t)\ TiO0) 

This is a global optional splitting formula for Y\a- ■ 



Lemma 4.5 Let (Ai)^2. 1 be a sequence of G -predictable sets. Suppose that the local 
optional splitting formula holds on each Ai,i > 1. Then, the local optional splitting 
formula holds on the union U^Aj. 

Proof Let Y be any G-optional process. We apply Lemma 14.41 in this proof. It is 
then enough to prove that Y\j°o^ A . satisfies the global optional splitting formula. 

By induction, we see that Y\jk A . satisfies the global optional splitting formula for 
any interger k. Actually, for k = 1, it is the case. Suppose that for an integer k = n, 
Y\jn Ai satisfies the global optional splitting formula. Let us prove the same for 
k = n + 1. 

We write the identity : 

Y \i^+ 1 1 A i = Y ^ =t Ai + Y ^A n+1 ~ Yl An+in{u n^ iAi) 

By assumption, yHy«_ Ai and YlLi n+1 satisfy the global optional splitting formula. 
For the term YHA n+1 n(u™_ 1 A i )i we write it in the form 

^4 +1 n(u Ll i.) = (YJutL^XHw) 

%An+i satisfies the global optional splitting formula, because A n+ \ is G-predictable 
(Lemma I3.8p . yHu™_ Ai satisfies the global optional splitting formula by assumption. 
Applying Lemma 14.21 we conclude that yiLn+i . satisfies also the global optional 

i — 1 1 

splitting formula. 

Now, taking the limit on Y\jk A . when k — > oo, we conclude that Y%jx_ a+ satisfies 
the global optional splitting formula (cf. Lemma |4.2|) . This proves the lemma. I 

4.3 Local optional splitting formula on a left-closed right-open in- 
terval [S,T) 

Lemma 4.6 Let S, T be two G-stopping times. To have the local optional split- 
ting formula on [S,T), it is necessary and sufficient that, for all bounded (Q,G)- 
martingale X such that Xt € Qt— > X satisfies the optional splitting formula on 
[S,T). 

Proof The necessity of the condition is an obvious fact. Let us consider the suffi- 
ciency. We follow the argument in |13| Chapter XX, section 22]. Let £ € Goo be a 
bounded random variable. Let us abuse the notation £ to denote also £| . Let 

Y = At^t.oc) - (A T £lfr ) oo)) G ~ (p) 

and X = £ T — Y, where denotes the (Q, G)-predictable dual projection. Note 

that X, Y are (Q, G)-martingales. Because (AxS,\r 

i0o) ) g -(p) is a G-predictable pro- 
cess, we have 

A T X = A T (A T ^ T ,oo)f~ ip) e Q T - 
(cf. |19| ) so that Xt € Qt-- We write now 

e = (£ - f) + X + A T £Hr Ti0o) - (A T ^T,oo)f- {P) ■ 

For the terms on the right hand of the above identity, (£ — £ T ) + AtC\t,oo) sa ~ 
tisfy clearly the optional splitting formula on [S, T) ; by assumption X satisfies the 



optional splitting formula on [S,T) ; (Ar£fLj j00 )) G ~( p ) being G-predictable, satisfies 
the optional splitting formula thanks to Lemma 13.81 Consequently, £ satisfies the 
optional splitting formula on [S, T) ((cf. Lemma [4.2p ). 

Introduce 21 the family of all bounded Y £ B[0, oo) ® Geo 

such that G "(°)y satisfies 

the optional splitting formula on [S,T), where denotes the (Q, G)-optional 

projection. We check that 21 is a functional monotone class (cf. \29\ I19| ) and, ac- 
cording to the preceding result, 21 contains all the random variables l^&j^, where 
a, b £ K+ and £ is a bounded random variable hi Geo- By monotone class theorem, 21 
contians all bounded B[0, oo) ® t/oo-measurable random variables. This implies that 
all bounded G-optional process satisfies the local optional splitting formula on [S, T) . 



4.4 Local optional splitting formula on the graph of a stopping time 

By the monotone class theorem we obtain the following lemma. 

Lemma 4.7 Let R be a G-stopping time. For any random variable £ £ Tr, there 
exists a F-optional process Y such that U[_r<oo}£ = \r<oc}Yr- 

In the same vein we have : 

Lemma 4.8 Let R be a G-stopping time. Let ( £ J\f a ( T ) v:F °° v cr(r) V be a 
random variable. Then, £ £ j\fv( T )vFco y ct(t) V Tr, if and only if there exists a 
Y £ B[0, oo] ® 0(F) such that 

IfiKoo^M = \r<oo}( 

Proof "If" part Let C be the family of all function Y defined on [0, oo] x (R + x fi) 
such that Yr(t) £ <r(r) V J-r. C is a functional monotone class, containing the func- 
tions g(t)Z s (co), where g is a Borel function on [0, oo] and Z £ 0(F). By monotone 
class theorem, C contains any function Y in B[0, oo] ® C?(F). 

If l[fl<oo}^R(7-) = l[i?<oo}C, we nave 

C = \r<oo}Yr{t) + l {R=oo} ( 

£ {i? < oo} Pi (<t(t) V J"r) + = °o} n (AM T ) V -^ V cr(r) V Tr) 
C AH r)v ^°° V <t(t) V 

"Only if" part Let C be the family of all functions on Q which satisfy the stated 
condition. Then, C is a functional monotone class and contains the random variables 
of form 1b<7(t)£, where B £ J\f a ( T ) vjr ^> ; g is a bounded Borel function and £ £ .Fr 
(see Lemma [4. 7p . Applying the monotone class theorem, we conclude that C contians 
all J\f a ( T )^ /J7 oo y u(r) V J-/j-measurable random variables. I 

Theorem 4.9 Let us denote M ^^^ 00 by N . Let R be a G-stopping time. Then, 
the local optional splitting formula holds on the graph [R], if and only if 



{R < oo} n Gr = {R < oo} n (M V a{r \ R) V F R ) 



Proof "Only if" part Suppose that the local optional splitting formula holds on 
the graph [R]. Let Y be any G-optional process. Let Y' = pf^Y and Y" = p^Y . 

Let T° be the trivial cr-algebra : T° = {0, ft}. Note that R G Tr, {r < R < 00} G 
{i? < 00} (~1 (<t(t f i?) V we have 

= ^R^CKiKr} + y fi'( T ) :I1 {T<_R.<oo} 

G {0 < ,R < r} n + {r < i? < 00} n (<r(r) V Tr) + {R = 00} n T° 

= {0 < R < t} n (<t(t f -R) V .Fr) + {r < # < 00} n (<t(t f fl) V 7"/?) + = 00} n T° 

= {i? < 00} n 0(r f fl) v T R ) + = 00} n T° 

This measurability relation yields 

{R < 00} fl^fiC {R < 00} n (A/ - V cr(r f #) V Fr) 

It is actually an equality, because the inverse inclusion is obvious. 

"If" part Suppose now {R < 00} n Gr = {R < 00} n {AT V a{r \ R) V F R ). Let y 
be any G-optional process. We have 

\r <00 }Yr g {R < 00} n (N v o-(t \ R)vT R ) + {R = 00} nT° 

C {R < t} n (A/" V J 7 /?) + {r < R < 00} n (A/ - V <t(t) V J 7 ??) + {R = 00} n T° 

and, therefore, there exist Q' G Tr and £" € air) V JFr such that 

\r<oo}Yr = C'\r<t} + C"l[r<_R<oo} 

Let Y' G 0(F) and Y" G B[0, 00] ® 0(F) such that \ R<oo} Y' R = \ R<oo] C and 
\r<oo}Yr( t ) = \r<oo}C" ( see Lemma [4.71 and Lemma [4.8|) . We get 

Y\ R] = Y'\^ t) \ r] +Y"{t)\ T)00) \ r] I 

4.5 Local optional splitting formula on intervals such as [S, T] or 

(5,71 

Lemma 4.10 Let S,T be G-stopping times. Suppose that the local optional splitting 
formula holds on [S,T) as well as on [T{5<t<oo}] ■ Suppose that %r {s<T<CX) }] satisfies 
the local optional splitting formula on [S,T]. Then, the local optional splitting formula 
holds on [S,T]. 

Proof Let Y be a G-optional process. Let A' = pjg^y and A" = pjp^y. Let 
B' = pf T T) ,y and B" = p 1 ^ } Y. Let C = p[c'$ %>,<-,«. x ] and C" = 

[ J {S<T<oo}J r l 1 {S<T<cx,}\ r [b,l\^- l {S<T<oo}l 

P 1 \S™]\t {s < t<oo} ]- Note that %r {s < T<oo} ] = %T]l{S<T<oc}- We can write 

= (A%, T ) + A'% i00) )^ S ,T) + (B%, T ) + B"l {r)00 ))Il ( T {s < T<oo} ] 

= (A% tT) + ^H Ir)0o) )l (5iT] (l - H(t {s<t<oo} ]) + (B% tT) + B'%^)^^^ 
= ((A> + (B>-A>)C% 0tT) + (A" + (B"-A")C'% T> ^)l {S7T] ■ 



In the same way we can prove 



Lemma 4.11 Let S,T be G-stopping times. Suppose that the local optional splitting 
formula holds on (S,T) as well as on [T{g < T <QO y]. Suppose that %r {s<T<00 }] satisfies 
the local optional splitting formula on (S, T] . Then, the local optional splitting formula 
holds on (S,T]. 



5 Sufficient conditions to have optional splitting formulas 
at r with respect to F 

5.1 Optional splitting formula on [0,r) 

Theorem 5.1 Local optional splitting formula holds on the time interval [0, r). 

Proof Let £ £ Goo be a bounded random variable. We write the identity (cf. |13j ) 

Q[^ t<T} \T t ] 

9t \t<r} ~ \t<r} Q[ t<r |^] %[*<r|^ t ]>0},*> U - 

It is an optional splitting formula of £| G on [0, r). Now, applying Lemma I4.6[ we 
conclude the lemma. I 

From this thoerem we deduce once again the following known result. 
Corollary 5.2 Let R be a G-stopping time. We have 

{R < t} ng R = {R < t} n (M v t r ) 

Proof. We have the identity 

\r]\q,t) = ^R]\r<t] = M{r<t } ] 

Since the optional splitting formula holds on [0, r) by Theorem 15.11 it holds on 
[-^{_R<r}] (Lemma I4.3p . According to Theorem 14.91 

{R{ R <r} < oo} n Gr {r<t} = {R {R<T} < oo} n (TV v a(r \ R {R<T} ) v T R{R<r} ) 

which is equivalent to {R < r} n Qr = {R < r} n (AT V JF R ). I 

5.2 sH-measure and optional splitting formula on [r, oo) 

Definition 5.3 Let S, T be G-stopping times. A probability measure Q' defined on 
Goo is called a sH-measure over the random time interval (S,T] (with respect to 
(Q, F, G) ), ifQ' is equivalent to Q OTi Qooi &ndj if 7 for any ((Q),]F) local martingale X } 
is a (Q',G) local martingale, where X { t S ' T] = X t SvT - X? ,t > 0. 

Remark 5.4 The notion of sH-measure is introduced in |22] to study the martingale 
representation property. The above Definition [5]3] is a different but equivalent version 
of that used in |22| (see Lemma A. 5 and Lemma A. 6 in |22]). 

Note also that, if Q' is a sH-measure on (S,T], if (S',T'] C (S,T], then, Q' is a 
sH-measure on (S',T']. 



Remark 5.5 Note that the property of local optional splitting formula on a G- 
optional set is invariant by the equivalent change of probability measure on Q^. 

Theorem 5.6 For any ^-stopping time T, for any G-stopping time S such that 
S > t, if a sH-measure Q' over (S, T] exists, the local optional splitting formula 
holds on [S, T). 

Proof. Let Q' be a sH-measure over (S,T). Let £ be a J-y-measurable bounded 
random variable. We introduce the martingale X = £p~ F . We note that £ = X% for 
all t > T. 

Since X is bounded, X^ S ' T ^ is a bounded (Q', G) martingale. Hence, 

®'[x£ T] \Gt] = xf' T] = x? yT -x t s ,t>o. 

The relation r < S (which implies <t(t) V Ts C Qs) held under Q remains valid 
under Q'. Let g be a bounded Borel function. Noting that g(r)TL{s<t} G St, we have 

Q'[g(r)X SvT - g(r)X s \g t ] 
Consider this identity on the set {S < t < T}. We obtain 

\s<t< T }g{r)x t = \ s <t<T}Q'[g{TK\0t] 

This identity means that the (Q', G)-martingale (#(r)£)|?' ~ G = Q'[g{r)C\Gt],t > 0, 
satisfies the local optional splitting formula on [S, T) . 

Let C be the class of all bounded random variables £ £ such that ^"Q' -6 satisfies 
the local optional splitting formula on [S, T) . The preceding result together with 
monotone class theorem implies that C contains all bounded <r(r) V Tt measurable 
random variables. By |24[ Lemme(4.4)], Qt~ C (JVV(t(t) V Tt) (noting that we have 
the same family of negligible sets under Q and under <Q>'). Lemma [4.61 is applicable to 
conclude the local optional splitting formula on (S, T) under the probability measure 
Q'. Finally, Remark 15.51 achieves the proof. I 

5.3 Structure of Qr under a sH-measure 

Lemma 5.7 Let R be a G-stopping time. For any ^-stopping time T , for any G- 
stopping time S, if a sH-measure Q' over (S,T]exists, we have 

{t < R} n {S < R < T} n Q R ; = {r < R} n {S < R < T} n (M V <t(t) V T R ) 

Proof Let Q' be a sH-measure over (S,T]. Let £ be a J^-measurable bounded 
random variable. We introduce the martingale X = <^p~ F . Let g be a bounded Borel 
function. As in the preceding lemma, we prove 

\t<R}'&{S<R<T}9(t)X R = \ t <r}\ S <R<T}Q'[9(t)C\Gr] 
We can then write 

\r< R }Tks<R<T}Q'[g(r)C\QR] 

G {r < R} n {S < R < T} n (<r(r) V J^) + ({r < ii} n {S < R < T} f n T° 



= Q'[s(T)^' iJ ia svt |^] 

= Q'[g{r)x^ T \ s<t} \g t } 

= g(r)X^ T -g(r)X t s ,t>0. 



By the monotone class theorem, this relation is extended to any bounded £ E ct(t) V 
T T : 

\r<R}\s<R<T\^W^ 
E {r<fl}n{S<fi<T}n((r(r)VJ fi ) (3) 

+({r < i?} n {S < R < T}) c n r° 
We note that {t < R} P\ {S < R < T} £ Q T ~ and 

{r < R} n {5 < r < t} n g fl c {t <R}n{s <R<T}n g T - 

C A/" V <t(t) V 

where the last inclusion comes from |24} Lemme(4.4)]. Applying the equation ([3]) to 
all the £ E Gr, we conclude 

{r < R} n {5 < < T} n &j C {r < i?} n {5 < R < T} n (A/" V <t(t) V 

But the inverse inclusion relation being obvious, we have actually an equality. I 

5.4 sH-measures with covering condition 

Theorem 5.8 Suppose that there exists a countable family of couples ofG stopping 
times {Sj,Tj},j E N, such that 

(1) Tj are ¥ -stopping times. 

(2) (r, oo) C Ujgpj(Sj,3j) (covering condition) 

Suppose that, for any j E N, there exists a sH-measure Qj over the time interval 
(Sj,Tj]. Then, the local optional splitting formula holds on (r, oo). 

If we replace the condition (2) by the condition : 
(2)' [r, oo) n (0, oo) C Ui^n(Sj,Tj) (covering condition) 
Then, the global optional splitting formula holds. 

Proof Suppose firstly the covering condition (2). Let k E N and consider the couple 
{Sfc, Tk}. We state that Lemme [4.111 is applicable so that the local splitting formula 
holds on (t V Sk,Tk\. 

Let us check the conditions in Lemma 14.111 Firstly, according to Theorem 15. 6[ the 
local optional splitting formula holds on [r V Sk, and a fortiorie on (r V S^, Tj.). 
Apply then Lemma 15.71 to write the equality : j > 1, 

{r < T k } n {Sj < T k < Tj } n g Tk = {t< T k } n {S-j < T k < t 3 } n (Af V a{r) V F Tk ) 
From this, we get 

{r < T fe } n {Sj < T k <Tj}H G Tk = {t< T k } n {Sj <T k <Tj}n(AfV a{r) V F Tk ) 
Because 

{s 3 <n< Tj} e g Tk 

{T k <Tj}EjF Tk C c(r) V J~T k 

{Sj < T k ] E G Tk - C M V a{r) V Jr fc 

Lemma r2.1l is applicable. Taking then the union on j > 0, using the covering condition 
(2), we obtain 

{r < T k < oo} n g Tk = {t < T k < oo} n (AT V <t(t) V JVJ 



By Theorem 14.91 the local splitting formula holds on [(7fc)r T<rfe i], and a fortiorie on 
K T k){rvs k <T k <oo}]- Finally, we write 

%fc) {rVSfe<Tfe<oo} ] = %.]H{rVS fc <T fe «x>} = %]%VS fc ,T & ] 

Since ]Wy is a F optional process, the above formula is an optional splitting formula 

for hT k ) {TVSk<Tk<ac) ] on (rVS k ,T k }. 

(rV5fc,Tfc] being G-predictable sets, applying Lemma [4. 5 1 the local splitting formula 
holds on Ufc<=N(' r V S k ,T k ] = (r, oo), because of the covering condition (2). The first 
part of the theorem is proved. 

Now suppose the covering condition (2)'. Applying Lemme [5.71 to the random time 
r, we write 

{Sj < t < Tj} ng T = {Sj < t < Tj} n(Mv a{r) V T T ) 

Since {Sj < r < Tj} G Q T , {Sj < r} G C <r(r) V T T , and {r < Tj} = 

{Hjo ) T fc )( r ) = 1} € J- T , Lemma 12.11 is applicable. Taking the union on j > 0, using 
the covering condition (2)', we obtain 

{0 < r < oo} n Q T = {0 < t < oo} n (TV V cr(r) V J" T ) = {0 < r < oo} n (M V J" r ) 

On the other side, according to |241 Lemme 4.4], 

{ r = 0} n Q T = {t = 0} n g = {t = 0} n v T ) = {r = 0} n (M v jr T ) 

Taking the union of these two identities, we conclude 

{r < oo} n G T = {t < oo} n {M v J>) 

Theorem 14.91 is now applicable so that the local splitting formula holds on [r] . 

Let Y be a G optional process. Let A' = pf^Y and A" = p^^Y. Let B' = pfj r) Y 
and B" = p^^Y. We check immediately 

Y \t,oo) = ( A "\,od) + B "\t])\t,oo) 

This proves the local splitting formula on [r, oo). Since the local splitting formula 
always holds on [0, t) (Theorem 15.11) . the second part of the theorem is proved. I 

6 Examples 

In this short section we show that Theorem 15.81 is applicable to a wide number of 
models that we encounter in credit risk study. 

Suppose that (F, G) satisfies the {%) hypothesis under Q (see for example [7) I23|). 
i.e., any (Q,F) local martingale is a (Q,G) local martingale. Then, if we consider the 
couple T = oo and S = 0, the covering condition (2)' is satisfied and the probability 
measure Q itself is an sH-measure on (S,T). Theorem 15.81 is applicable and the 
global optional splitting formula holds. Cox model is a typical example where the 
{%) hypothesis is satisfied. A model where r is independent of J^x, gives rise to 
another example. 

The same conclusion remains true, if there exists a probability Q' on Qoo 3 equivalent 
to Q, such that the couple (F, G) satisfies the (W) hypothesis under Q'. This remark 



concerns, for example, the models satisfying the conditional density hypothesis in 
|15| with a strictly positive density function, or the proportionality model in [20J. 

There exists models which are not covered by the above discussion on the (T~L) hy- 
pothesis, but they can, nevertheless, be studied using Theorem 15.81 It is the case of 
honest time model. Suppose that r is an F honest time (cf. |24|). Suppose that all 
(Q, F) local martingales are continuous, and r does not intersect F-stopping time. In 
|22j it is shown that the covering condition (2) with sH-measures is satisfied. Conse- 
quently, the local optional splitting formula holds on (r, oo). Recall that the local 
optional splitting formula always holds on [0, r) (Theorem 15. ip . Note also that, in 
general, Q T differ from T T (cf. |24j ) which means, according to Theorem 14.91 that the 
local optional splitting formula may not hold on [t]. 

Another example is the (^)-model with conditions Hy(C) and Hy(Mc) studied in 
|21| . It is shown in |22] that the (^)-model satisfies the covering condition (2)' with 
sH-measures. Consequently, the global optional splitting formula holds in this model. 



7 Splitting formula at multiple random times 

In this section we extend the preceding results to the case of multiple random times. 

7.1 Ordering of functions on {1, . . . , k} 

Let a be a function defined on {1, . . . , k} (where k > is an integer) taking values 
in [0, oo]. Let {a\, . . . , a^} denote the values of o. Let 

k k 
R»(i) = fl{«-.,« h } W = ]T Ir^} + "I, + 1 

i=i j=i 

The map i £ {1, . . . , k} — > R a (i) E {1, . . . , k} is a bijection. Let p a be its inverse. 
Define 'fa = a(p a ). We check that 'fa is an non decreasing function on {1, ...,k} 
taking the same values of a. 

Let 1 < j < k, % = p a (j) and b G R+. Let a \ b = {ai \ b, . . . , a k \ b}. Then, if 
b >1d(i) = ai, it can be checked that ah \ b < ai \ b (resp. ah\b = ai\b) is equivalent 
to a^ < ai (resp. a^ = a-i). Therefore, R a $(i) = R a (i) = j and 

flat 6)0') = a l \b=a l = 

7.2 The enlargement of nitration with multiple random times 

Let m > be an integer and n, . . . , r m be m random times. For a 1 < k < m, 
consider the function tfc on {1, . . . , k} taking respectively the values {n, . . . , r^}. We 
define at,i =ttfc(*),l < i < k. Note that, if the Tj are stopping times with respect 
to some filtration, the j are stopping times with respect to the same filtration, 
because 

Wk,i < t} = Uic{l,...,kMI=i{Tj < t,Vj £ I}, t> 0. 

This same equation shows that there exists a Borel function Sk i on [0, oo] fc such that 
<7fc,i = Sfc,i(ri, . . . ,r fe ). 



Let G° = F. For 1 < k < m, let G k = {G k )t>v where 

Q k =M k \J OW^" 1 V a(r k A s))), t > 0, 

and 

By induction, we can prove that G k is the smallest right continuous filtration contai- 
ning F and M k , making the T\, . . . , t& stopping times. 

Remark 7.1 Let us denote temporarily G k by G^ Tlv "' Tfe ^ in reference to the depen- 
dance of G k on the random times (n, . . . , r&). We have the relation 

G (ri,...,r fe ) D G (<7 feil ,..., CTfe , fe ) 

because the cr^j, 1 < i < A;, are G^ Tl ''"' rfc ^-stopping times. In general, there is no equa- 
lity between G^M.-^k.jt) anc j <r;(n,...,T fc )_ For examp i e) i et {A,B,C} be a partition 

of n. If 

n = 11 A + 21 B + 31c 
T 2 = 2a A + 3lB + lIlc 
r 3 = 31 A + Hb + 21c, 

we get a 3i i = l,o- 3i 2 = 2,cr 3>3 = 3. 
7.3 The splitting formulas 

Definition 7.2 We say that the G m -optional splitting formula holds at the times 
Ti, . . . ,r m mi/i respect to ¥, if, for any G m -optional process Y , there exist functions 
y(°), yW, . . . , y( m ) de/med on [0, oo] m x (R + x 0) fetng B[0, oo] m (g)0(F)-meastira&/e 
suc/i i/iai 

m 

Y = ^ (Tl I 0"m,£, . . . ,T m { O"m.,i)l[o- mi i,o- mi i + i) 

where o~ m fi = and cr mim +i = oo by definition. 

Note that this definition is in coherence with Definition 13.11 

Lemma 7.3 Lei (E,£) be a measurable space. Let 1 < k < m. Suppose that the G k - 
optional splitting formula holds at the times r±, . . . , T/% with respect to F. Then, for any 
£ (g) 0(G k ) -measurable function Y(9,s,oj), there exis t functions Y (°) , Y W , . . . , 
defined on E x [0, oo] fc x (R + x f2) being £ ® £>[0, oo] fc ® 0(F) -measurable such that 

k 

Y(8) = £ y W (e, ti t o*,i, • • • , n \ ^\ kMl) 

i=0 

Proof We need only to check the lemma upon the functions of the form Y{9, s, uj) = 
g(9)F s (u),g € £, F € 0(G k ), and apply the monotone class theorem. I 

Theorem 7.4 Suppose m > 1. Supose that G m ~ 1 -optional splitting formula holds at 
the times T\,... ,r m _i with respect to F. Suppose G m -optional splitting formula holds 
at the time r m with respect to G m_1 . Then, G m -optional splitting formula holds at 
the times t\, . . . , T m with respect to F. 



Proof Let Y be a G m -optional process. By assumption, there exist Y', Y" such that 
Y' G 0{G rn ~ l ) and Y" € B[0, oo] <g> ©(G™" 1 ) and 

^ = ^ / %r m )+^ / (T m )l tTro) oo) 

Now according to the G m_1 -optional splitting formula at the times r±, . . . , r m _i with 
respect to F, there exist functions Y'^\ Y'( l \ . . . , y'O"-- 1 ) defined on [0, oo]"^ 1 x 
(R+ x fi) being 23[0, oo]™" 1 ® C(F)-measurable such that 

m— 1 

y ' = X] y ' W ( T l t Cm-l,i, ■ ■ ■ , Tm-1 t °"m-l,i)l[ CTm _ liI , CTm _ l!l+1 ) 

8=0 

According to Lemma |7.3| there exist functions Y"^\Y"^ l \ . . . ^y'C™- 1 ) defined on 
[0, oo] x [0, oo]™- 1 x (K+ x n) being B[0, oo] <g> B[0, oo]™" 1 ® C(F)-measurable such 
that 

m— 1 
i=0 

Let A; = R^ T1 '-> Tm ^(m). We have <7 m _i,i = a mji for i < k - 1 and o- m _i,i = cr m ,i + i for 
k < i < m. Moreover, if A; < m, <7 mi fc+i = c m — i & > r m- Now we write 

Y '\o,T m ) = £fco Y' [i) {n t • • • , \ °m,i) %r m>i ,<r m>i+ i) 

where the last equality comes from the fact that, if z <C and (Trn,i — i~m-> [fm,i? ^"m,i+i) — 

0. Because IVm.^m.i+i) = Vm^i+i)^™,^} so that 

^Tn,i!^m,i+l) ^{^m.i <7"m } ^{cTm,i ; cr m,i+ 1 ) ^"{^"m,! <T"m )0"m,i <Oo} 

~~ n°'m,i,o' m ,i+i)-l{r m f(T OTi j=oo,<j m> j<oo} 
— ^{o" mj i,(T mj i +1 )lrT m fo- mii =cxD} 

the above expression of F'H|Q )7 - m ) gives it a G m -optional splitting formula at t^, . . . , T m 
with respect to F. 

We write nextly 

y"{Tm)\ m ,oo) = Ejli y//(j-1) ( T m,n t°"m-lj-l, • • • , Tm-1 t 0"m-lj-l) V mJ 'ftj+i) \r m <c md } 

where we use the fact that, for any j < k, cr m j > r m implies a m j = cr m j+i = r m , 

1. e., [cr m j, cr m j+i) = 0. According to Subsection 17. 1\ 

<?m-l,i =1(tm-l t = S m -l,j(ri f CT mj j + i, . . . , T m _i f <7 m ,t+l), 1 < i < m — 1 

Notice that T m = T m \ a m i+i for i > k — 1 and 

T a if T a < <T m _l 5 j 

OO if T a > <T m -l,i 

T a f 0"m,j+l if t a m,i+l < <?m-l,i 
OO if T a f 0- m ,i+l > <T TO -l,i 

= (T a f 0"m,i+l) f Sm-l,i(T"l f <7 m) i+l, . . . ,T m _i f CT m>i+1 ), 

for 1 < a < m — 1, 1 < i < m — 1. Notice also that 

)%T m fo- miJ <Oo}- 



m—l,i 



We deduce from these facts that there exist Borel functions Z"w on [0, oo] m x (R + x 
f2) being B[0, oo] m <g> 0(F)-measurable such that 



This is a Gj- m -optional splitting formula for Y fr (^T rn ^H^ Tm ^ OQ ^ at the times 7~i, . . . ,T m 
with respect to F. The theorem is proved. I 

7.4 Conditional density hypothesis 

Definition 7.5 We say that (n, . . . ,T m ) satisfied the (conditional) density hypothe- 
sis (with a strictly positive density function) with respect to Too, if there exists a 
Borel probability measure fi on [0, oo] and a stictly positive function 7 on [0, oo] m x Q 
being B[0, oo] m ® Too measurable such that 



for any A G B[0, oo] m . 

We have the following results. 

Lemma 7.6 If (n, . . . , r TO ) satisfies the density hypothesis with respect to T^, T m 
satisfies the density hypothesis with respect to G^" 1 , 

The proof of the lemma is straightforward. 

Lemma 7.7 Ifm = \ and the density hypothesis holds with respect to Too, the global 
G-optional splitting formula holds at t\ with respect to ¥ 

Proof Let 




It is an probability equivalent to Q. By Remark 15.51 we need only to prove the 
lemma under this new probability. But under Q', n is independent of Too so that 
(H) hypothesis is satisfied. According to Theorem 15.81 the global G-optional splitting 
formula holds at T\ with respect to F. I 

Now look at Lemma 17.71 Theorem 17.4) and Lemma 17.61 They constitute a perfect 
scheme of mathematic induction. We obtain the main result of this section : 

Theorem 7.8 If the times (n, . . . , T m ) satisfy the density hypothesis with respect to 
Too, then, G m -optional splitting formula holds at the times n, . . . , r m with respect to 



Y"(T m )\ mt00) 



■ ■ ■ 1 T~m—1 \ 0~ m ,ji Tm \ 0~m,j) Hfo", 




F. 



8 Splitting formula at random times with marks 



The preceeding results can be extended to the case of random times with marks. The 
proofs will follow the same idea with some notational complication. 

Let (E,£) be a separable complete metric space with its Borel u-algebra. Let A€ E 
and E° = E \ {A}. Let (£1, . . . , £ m ) be m random variables taking values in E° . 
Define, for 1 < i < m, 

{A if t < n, 
t > 0, 
& if n < t, 

and Hi(t) = a(Hi(u) : < u < t). Note that (%(i))t>o is a right continuous 
filtration. In fact, for any < t < oo, we have 

{n < t} n {n s>t Hi{s)) = { n <t}na^i,n) = {n <t}nHi(t) 
{n > t} n (r\ s>t Hi(s)) = { n > t} n {0,0} = { n > t} nHi(t) 

Let Hi(t) = A/^' (oo) V Hi(t) (1 < % < m) and Mi = (Hi(t)) t > which is a right 
continuous filtration. From the definition of Hi(t) we deduce a simple formula to 
compute the Hj martingales. 

Lemma 8.1 For any integrable randon variable X £ TV^ 00 -* V 0"(£j,Tj) ; 

_ Q\Xli t<T .i] 



Let uf-'-'™) = a(Hi(s) : 1 < i < m, < s < t) and 

g*m = M *va v ns>4 (J- s V H {l,-,m}) 

where TV"*™ denotes A/"^~ "" m>VJ ~ . Let G* m be the filtration of G* t m ,t > 0. 

Let D(E) be the space of all cadlag functions taking values in E equipped with the 
Skorokhod topology (cf. 0) and its Borel o"-algebra T>. 



Definition 8.2 We say that the G* m -optional splitting formula holds at the times 
Ti, . . . , T m with respect to ¥, if, for any G* m -optional process Y , there exist functions 
Y (°) , Y ^ , . . . , Y (m) defined on D (E) m x (M+ x O) being V m O(F) -measurable such 
that 

m 

y = £y(0(flf-«, . . ., J ff^)n [CTm>ijCTm , i+l) 

i=0 

where H- m ' 1 denotes the process Hi stopped at o~ m i. 

Note that, if £j are constant random variables, the above Definition 18.21 coincides 
with Definition 17.21 



Theorem 8.3 Suppose m > 1. Supose that G* m -optional splitting formula holds 
at the times T\, . . . , T m _i wzi/i respect to F. Suppose G* m -optional splitting formula 
holds at the time r m TOi/i respect to G* m_1 . Then, G* m -optional splitting formula 
holds at the times T\, . . . ,T m with respect to F. 



Proof Let Y be a G* m -optional process. By assumption, there exist Y', Y" such 
that Y' G 0{G m ~ l ) and Y" GP® 0{G m ~ l ) and 

y = y , % >rm ) + y/, (^)% roi oc) 

Now according to the G* m_1 -optional splitting formula at the times t\, . . . , r m _i with 
respect to F, there exist functions Y'(°\ Y'^\ . . . , Y ,( - m "^ defined on D^)™" 1 x 
(R+ x O) being D'" 1 " 1 <g> C(F)-measurable such that 

m— 1 
i=0 

Also, there exist functions yW, . . . , y''("»-i) defined on x ^(i?)™" 1 x 

(R+ x O) being P <g) D™" 1 C(F)-measurable such that 
m—1 

y"(ir m ) = £ y"«(# m , . . . , ei w )W w ) 

i=0 

We have (cf. the proof of Theorem 17, 4p 

^'^O.r™) = Et=0 • • ■ >^m-l) ]1 l%,i,iTm,j + l) ]1 {%,i<T ra } 

Since lr<T OT j<r m } = ^{H m (a m j)=A}i the above expression is simply a G* m -optional 
splitting formula for Y'l^ 0jT \ at r±, . . . , r m with respect to F. 

We write nextly 

Y"(tf m )l[ Tmi0o) 

- Z-j = i y '^TOl^l ,---,-« m _l i- U to-m,i^m,,' + l)- U {-rm<CTm,i} 

j = 1 Y ,...,H m _ 1 JVj^mj+lJ^k,))^} 

Recall that 

Cm-l,i =1(tm-l t cr m,i+l)(«) = Sm-l,t(Tl t fm.i+lj • • • , T m -i f fm,t+l), 1 < i < m — 1 
and also, for 1 < a < m — 1 and u > 0, 

ffo m_1,i («) = (ffo m,<+1 ) ,r "- 1 ' i («) 

Ha m ' l+1 (u) if U < CTm-i^ 

H a m ' l+1 {(Tm-l,i) if n > CTm-i^ 
Consider the measurability of the above objects. First of all, 

V0 < t < oo, {r a f <x m , m <t} = {r a < t, r a < a m , i+1 } = {H^ +1 (t) G E 10 } G a« m ' l+1 ) 
This implies that 

<7m-l,i € , ...,ii m _ 1 J 

Note that the map (i, w) — ^ Ha m ' l+1 {t) is i3[0, oo] <g> a{Ha m ' l+1 ) measurable. Com- 
posing this map with that one oj — > (a m -i t i(u}),u), we see that i? m '* +1 (<7 m _i $) is 
in cr(-ff 1 m '* +1 , . . . , Putting together the above results we conclude that 

Vn > 0, Ha m - Ul (u) G a(Hl m ' i+1 H^\ +1 ) 

Consequently, there exist Borel functions Z"^> on D(E) m x (R + x 17) being £> m ® 
C(F)-measurable such that 

Y"{H m )\ Tm ,oo) 

j=l* '{H-m ,-Hi ,---,-H m _i J> mj , t 7 m , J+ i) J H^ m (a m ,,)^A} 

E m 71/(1) I ET CT ™>J TT a rn,j TJ a ""i,j \-n 

j=1 Z ^>{H 1 ,. . . ,H m _ 1 ,H m )\o m>is <T m , j+ i) 

This is a Gj* m -optional splitting formula for y r/ '(T m )Ili T - m at the times ti, . . . ,T m 
with respect to F. The theorem is proved. I 



Definition 8.4 We say that ((£i,Ti), . . . , (£ m ,T m )) satisfied the (conditional) density 
hypothesis (with a strictly positive density function) with respect to J-oo, if there exists 
a Borel probability measure v on E x [0, oo] and a stictly positive function 7* on 
(E x [0, oo]) m x Q being {£ <S> B[0, oo]) m <g> J 7 ^ measurable such that 

Q[({Ci,n),...,(U,T m )) € A I J-oo] = / 7 *((xi,ti),...,(x m ,t m ))^ m (d(xi,ti),...,d(x m ,t m )) 
for any A G (£ x £[0,oo]) m . 

Lemma 8.5 If in = 1, i/(£i,Ti) satisfies the density hypothesis with respect to J-^o, 
the G* l -optional splitting formula holds at t\ with respect to F 

Proof There exists a probability measure Q' equivalent to Q, under which (£i,ti) 
is independent of J-^. We need only to prove the lemma under Q'. 

Let X be a bounded random variable in c(£i,ti). Let Y be a bounded random 
variable in J-^. With independence, we have the following identity 

®'[XY\GZ] = q'[Y\T t } Q'[X\Hi(t)}, t > 0. 

Applying Lemma O under <Q>', we see that <Q'[XY\Q^],t > 0, satisfies the G* 1 - 
optional splitting formula at T\ with respect to F. 

Now, to prove the lemma, we need only to repeat the argument in \13\ Chapter XX, 
section 22], as we did in Lemma [4.61 I 

Reproducing the argument in the proof of Theorem 17.81 we obtain also : 

Theorem 8.6 If the times ((£1, ri), . . . , (£ m , r m )) satisfy the density hypothesis with 
respect to J 7 ^, then, G* m -optional splitting formula holds at the times n, . . . , r m with 
respect to F. 
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